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ABSTRACT
Reynolds and Favre-Averaged Rapid Distortion Theory
for Compressible, Ideal-Gas Turbulence. (May 2007)
Tucker Alan Lavin, B.S., Texas A&M University
Chair of Advisory Committee: Dr. Sharath S. Girimaji
Compressible ideal-gas turbulence subjected to homogeneous shear is investi-
gated at the rapid distortion limit. Specific issues addressed are (i) the interaction
between kinetic and internal energies and role of pressure-dilatation; (ii) the modifica-
tions to pressure-strain correlation and Reynolds stress anisotropy and (iii) the effect
of the composition of velocity fluctuations (solenoidal vs. dilatational). Turbulence
evolution is found to be strongly influenced by gradient Mach number, the initial
solenoidal-to-dilatational ratio of the velocity field and the initial intensity of the
thermodynamic fluctuations. The balance between the initial fluctuations in velocity
and thermodynamic variables is also found to be very important. Any imbalance
in the two fluctuating fields leads to high levels of pressure-dilatation and intense
exchange.
For a given initial condition, it is found that the interaction via the pressure-
dilatation term between the momentum and energy equations reaches a peak at an
intermediate gradient Mach number. The energy exchange between internal and ki-
netic modes is negligible at very high or very low Mach number values due to lack of
pressure dilatation. When present, the exchange exhibits oscillations even as the sum
of the two energies evolves smoothly. The interaction between shear and solenoidal
initial velocity field generates dilatational fluctuations; for some intermediate levels of
shear Mach number dilatational fluctuations account for 20% of the total fluctuations.
Similarly, the interaction between shear and initial dilatation produces solenoidal os-
iv
cillations. Somewhat surprisingly, the generation of solenoidal fluctuations increases
with gradient Mach number. Larger levels of pressure-strain correlation are seen with
dilatational rather than solenoidal initial conditions. Anisotropies of solenoidal and
dilatational components are investigated individually. The most interesting observa-
tion is that solenoidal and dilatational turbulence tend toward a one componential
state but the energetic component is different in each case. As in incompressible shear
flows, with solenoidal fluctuations, the streamwise (1,1) component of Reynolds stress
is dominant. With dilatational fluctuations, the stream-normal (2,2) component is
the strongest. Overall, the study yields valuable insight into the linear processes in
high Mach number shear flows and identifies important closure modeling issues.
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1CHAPTER I
INTRODUCTION
The inherent complexity of turbulence is further compounded in compressible flows
by the dynamic coupling between flow and thermodynamic variables. In incompress-
ible flows, pressure is merely a Lagrange multiplier with the sole function of imposing
the divergence-free constraint. The evolution of incompressible turbulence is governed
entirely by the momentum conservation equation subject to the kinematic incompress-
ibility constraint. However, in compressible flows the momentum and energy conser-
vation equations are tightly linked via the equations of state and the dependence of
transport coefficients on thermodynamic variables. Thus, velocity field fluctuations
are tightly coupled with those of pressure, temperature, and density. As in the case of
any compressible flow, compressible turbulence can be classified into different types
based on the applicable state equation. Possible categories of compressible turbulence
classification, in order of increasing complexity, are: (i) isothermal; (ii) isentropic; (iii)
ideal gas and (iv) real gas. In barotropic flows (isothermal and isentropic), pressure
is a direct function of density and the energy equation is redundant. Such flows
are perhaps too elementary for many practical applications that motivate this work.
At the other extreme, turbulent flows under the influence of real gas effects, while
practically relevant, do not easily lend themselves to fundamental investigation. In
this work we will consider ideal gas compressible turbulence, which is of intermediate
degree of complexity and yet of great utility. The extent of flow-thermodynamics
coupling, given a state equation, depends upon factors such as Mach number, type of
mean-velocity gradient, intensity of thermodynamic fluctuations, etc. Naturally, the
1This thesis follows the journal style of IEEE Transactions on Automatic Control.
2coupling is weak at low Mach numbers and can be expected to be more significant
at higher Mach numbers. The goal of this study is to investigate the effect of large
homogeneous shear on compressible ideal gas turbulence over a wide range of Mach
numbers and thermodynamic conditions.
In ideal-gas compressible turbulence, flow-thermodynamics coupling leads to ac-
tive exchange of energy between kinetic and internal (i.e. thermal) modes via the
pressure work or pressure-dilatation. Unlike viscous work, which leads to unidirec-
tional energy transfer from kinetic to internal form, pressure-dilatation transfer can
be in both directions. The two-way energy interchange renders the various turbulence
processes such as pressure-redistribution and spectral cascade more complicated than
in incompressible flows. One of the central goals of this study is to examine the energy
interchange between the turbulent kinetic energy and mean internal energy.
A. Rapid Distortion Theory
Inviscid rapid distortion theory (RDT) [1] is a computationally and analytically viable
option for examining linear compressible flow physics in the absence of cascade and
viscous effects. As the rapid pressure-strain term plays an important role in the
evolution of turbulence [2], a better understanding of this term is sought. Insofar
as incompressible flows are concerned, RDT has provided valuable insight into the
rapid pressure-strain redistribution process which has led to important improvements
in closure modeling (see reviews by [3, 4] and references therein). In particular, RDT
has played a significant role in improving our understanding of the effects of system
rotation [5], stratification [6] and mean-flow unsteadiness [7] on turbulence. Analysis
of compressible flows using RDT has been more recent.
The application of RDT to compressible turbulence is rendered more complex as
3the homogeneity condition requires mean thermodynamic properties like density and
temperature to be spatially invariant, in addition to the mean velocity gradient being
uniform in space. Further, the restriction to isentropic flows has been deemed neces-
sary in the past to close the set of governing equations, without the detailed consider-
ation of the thermodynamics of the flow. Subject to these limitations, homogeneous
turbulence RDT of compressible flows has been performed [5, 8, 9, 10, 11, 12, 13]. The
effect of anisotropic mean strains have been studied at low turbulent Mach numbers
[8]. Initial degree of compressibility and its effects on kinetic energy evolution have
also been examined [12]. A more thorough review of the work performed to date in
RDT of compressible homogeneous turbulence is given in Yu & Girimaji [14].
While these studies have been useful in providing better insight into compressible
turbulence physics, the incorporation of more realistic thermodynamic properties is
needed to make further progress. The first step in that direction has been taken [15],
wherein ideal gas compressible turbulence subject to rapid shear is investigated. But
the approach in [15] is limited to homogeneous shear and the study does not address
the flow-thermodynamics coupling.
Yu & Girimaji [14] develop the formalism required to extend RDT of ideal-gas
compressible turbulence to all mean velocity gradients. Mass, momentum and energy
conservation equations along with the ideal gas equation of state are employed. This
approach allows for the investigation of flow-thermodynamics coupling.
B. Focus of Current Work
The objective of this work is to study the effect of rapid homogeneous shear on ideal-
gas compressible turbulence using the RDT equations developed in [14]. While there
are many important issues, this thesis will focus on three key aspects not addressed
4in previous studies: (i) the interaction between kinetic and internal energies and the
role of pressure-dilatation; (ii) the effect of initial composition of velocity fluctua-
tions (solenoidal vs. dilatational) and (iii) compressibility effects on pressure-strain
correlation and Reynolds stress anisotropy.
It is apparent from the equations that pressure-dilatation is the link between the
kinetic and internal modes in compressible flows. Examination of the evolution of
pressure-dilatation reveals that the coupling of the momentum and energy equations
is the strongest at an intermediate gradient Mach number, at which shear and acoustic
timescales are of the same order. In mechanical terms, pressure-dilatation is akin to
a valve regulating the flow of energy between internal and kinetic modes. It is found
that pressure-dilatation decreases to zero at very high or very low Mach numbers, and
consequently energy ceases to be transferred to or from the internal mode. Naturally,
the internal energy enhancement is proportional to the level of pressure-dilatation in
the flow.
In all simulations, the ratio of solenoidal to dilatational kinetic energy reaches a
constant value at asymptotic state. The amount of energy in the solenoidal mode for
initially-solenoidal turbulence at this asymptotic state is approximately 80%; by com-
parison, for initially-dilatational turbulence, the amount of energy in the solenoidal
mode is much less. Initially dilatational turbulence remains dilatational at low gra-
dient Mach numbers. It is not until higher levels of shear are applied that energy
is more likely to be transferred to the solenoidal mode, before falling again at some
later time. It is also found that the gradient Mach number which produces maximum
pressure-dilatation (and, thus, maximum temperature growth) coincides with the gra-
dient Mach number for which the amount of kinetic energy residing in the dilatational
mode is the highest. It stands to reason then that temperature growth is higher for
the initially-dilatational turbulence than for the initially-solenoidal turbulence.
5Given adequate time, the internal energy growth rate also attains a steady value;
thus, a relationship can be found between the initial compressibility in the flow, the
gradient Mach number and the amount of energy transferred to the internal mode.
The anisotropies, when divided into solenoidal and dilatational components, reveal
that the solenoidal portion of the flow is more or less unaffected by the amount
of compressibility in the initial conditions (and, thus, by the influence of pressure-
dilatation). On the other hand, the dilatational portion of the flow is profoundly
affected. Additionally, the solenoidal portion of the flow is found to be dominant in
the streamwise (1,1) direction, while the dilatational fluctuations are predominantly
in the stream-normal (2,2) direction.
The remainder of the thesis is organized as follows. Chapter II briefly discusses
the governing equations and compressible second-moment Reynolds-averaged rapid
distortion theory (R-RDT) and discusses the numerical implementation. The results
for R-RDT are presented in Chapter III. The Favre-averaged rapid distortion theory
(F-RDT) derivation and implementation is discussed in Chapter IV, with its results
presented in Chapter V. Finally, Chapter VI provides a summary discussion and
concludes the thesis.
6CHAPTER II
RAPID DISTORTION THEORY: REYNOLDS-AVERAGED STATISTICS
In this chapter, we discuss salient features of the derivation of the Reynolds-averaged
RDT equations (R-RDT), and also discuss briefly the numerical implementation of
the equations.
A. Methodology
The derivation of the inviscid R-RDT equations follows that performed in [14]. The
governing equations are the Euler conservation equations for compressible flow and
the state equation of an ideal gas.
∂ρ
∂t
+ Uj
∂ρ
∂xj
= −ρ∂Uj
∂xj
, (2.1a)
∂Ui
∂t
+ Uj
∂Ui
∂xj
= −1
ρ
∂P
∂xi
, (2.1b)
∂T
∂t
+ Uj
∂T
∂xj
= −(γ − 1)T ∂Uj
∂xj
(2.1c)
P = ρRT (2.1d)
where γ is the ratio of specific heats.
The instantaneous values of velocity, density, temperature and pressure in the
governing equations are partitioned using a Reynolds decomposition into mean and
fluctuating parts: Ui = U i+u
′
i, ρ = ρ+ρ
′
, T = T +T
′
and P = P +P
′
. The resulting
system of equations can be written as:
∂(ρ+ ρ
′
)
∂t
+ (U j + u
′
j)
∂(ρ+ ρ
′
)
∂xj
= −(ρ+ ρ′)∂(U j + u
′
j)
∂xj
, (2.2a)
7∂(U i + u
′
i)
∂t
+ (U j + u
′
j)
∂(U i + u
′
i)
∂xj
= − 1
(ρ+ ρ′)
∂(P + P
′
)
∂xi
, (2.2b)
∂(T + T
′
)
∂t
+ (U j + u
′
j)
∂(T + T
′
)
∂xj
= −(γ − 1)(T + T ′)∂(U j + u
′
j)
∂xj
, (2.2c)
P + P
′
= RρT +RρT
′
+Rρ
′
T +Rρ
′
T
′
. (2.2d)
The density in the denominator on the righthand side of Eq. (2.2b) can be written
using a Taylor series expansion as follows:
1
(ρ+ ρ′)
=
1
ρ
− ρ
′
(ρ)2
+
(ρ
′
)2
(ρ)3
− · · · . (2.3)
Taking the mean of Eq. (2.2) yields the following equations:
∂ρ
∂t
+ U j
∂ρ
∂xj
= −ρ∂U j
∂xj
− ∂ρ
′u
′
j
∂xj
, (2.4a)
∂U i
∂t
+ U j
∂U i
∂xj
+ u
′
j
∂u
′
i
∂xj
= −1
ρ
∂P
∂xi
+
1
ρ2
ρ′
∂P ′
∂xi
− (ρ
′)2
(ρ)3
∂P
∂xi
+ · · · , (2.4b)
∂T
∂t
+ U j
∂T
∂xj
+ u
′
j
∂T ′
∂xj
= −(γ − 1)T ∂U j
∂xj
− (γ − 1)T ′ ∂u
′
j
∂xj
, (2.4c)
P = RρT +Rρ′T ′ . (2.4d)
As in the case of incompressible RDT, we will consider all terms of order three or
higher in fluctuations as negligible. Thus we seek Reynolds-averaged first (mean) and
second-order statistics equations accurate to second order in fluctuations.
Next, the mean of the equations are subtracted from Eq. 2.2 to obtain the
fluctuating flow equations. Subtracting Eq. (2.4a) from Eq. (2.2a) gives:
8∂ρ
′
∂t
+ Uk
∂ρ
′
∂xk
=− u′k
∂ρ
∂xk
− u′k
∂ρ
′
∂xk
+ u
′
k
∂ρ′
∂xk
− ρ∂u
′
k
∂xk
− ρ′ ∂Uk
∂xk
− ρ′ ∂u
′
k
∂xk
+ ρ′
∂u
′
k
∂xk
. (2.5)
Subtracting Eq. (2.4b) from Eq. (2.2b) gives:
∂u
′
i
∂t
+ Uk
∂u
′
i
∂xk
=− u′k
∂U i
∂xk
− u′k
∂u
′
i
∂xk
+ u
′
k
∂u
′
i
∂xk
− 1
ρ
∂P
′
∂xi
+
ρ
′
(ρ)2
∂P
∂xi
+
ρ
′
(ρ)2
∂P
′
∂xi
− (ρ
′
)2
(ρ)3
∂P
∂xi
− 1
ρ2
ρ′
∂P ′
∂xi
+
(ρ′)2
(ρ)3
∂P
∂xi
. (2.6)
However, subtracting Eq. (2.4d) from Eq. (2.2d) gives the fluctuating pressure equa-
tion:
P
′
= RρT
′
+Rρ
′
T +Rρ
′
T
′ −Rρ′T ′ (2.7)
which can be substituted into Eq. 2.6 to give:
∂u
′
i
∂t
+ Uk
∂u
′
i
∂xk
=− u′k
∂U i
∂xk
− u′k
∂u
′
i
∂xk
+ u
′
k
∂u
′
i
∂xk
+
ρ
′
(ρ)2
∂P
∂xi
− (ρ
′
)2
(ρ)3
∂P
∂xi
+
(ρ′)2
(ρ)3
∂P
∂xi
− R
ρ2
ρ′(
∂(ρT ′)
∂xi
+
∂(ρ′T )
∂xi
)
− R
ρ
∂
∂xi
(ρT
′
+ ρ
′
T + ρ
′
T
′ − ρ′T ′)
+
Rρ
′
(ρ)2
∂
∂xi
(ρT
′
+ ρ
′
T ). (2.8)
Finally, subtracting Eq. (2.4c) from Eq. (2.2c) gives:
9∂T
′
∂t
+ Uk
∂T
′
∂xk
=− u′k
∂T
∂xk
− u′k
∂T
′
∂xk
+ u
′
k
∂T ′
∂xk
− (γ − 1)T ∂u
′
k
∂xk
− (γ − 1)T ′ ∂Uk
∂xk
− (γ − 1)T ′ ∂u
′
k
∂xk
+ (γ − 1)T ′ ∂u
′
k
∂xk
. (2.9)
B. Homogeneity Assumptions
It must be stressed that the above equations are general for inviscid compressible
turbulence with the state equation of ideal gas. The only assumption that has been
made so far is that third and higher-order fluctuating moments are negligibly small
and have thus been dropped from the equations. At this state, we will restrict our
considerations to homogeneous turbulence. In compressible flow, the homogeneity
condition requires that all moments involving velocity and thermodynamic fluctua-
tions must be independent of spatial location:
∂
∂xi
φ′φ′ =
∂
∂xi
φ′φ′φ′ = · · · = 0. (2.10)
The necessary outcome of this is that all mean thermodynamic properties must also
be invariant in space [14]:
∂P
∂xk
=
∂ρ
∂xk
=
∂T
∂xk
= 0 (2.11)
As in incompressible turbulence, the mean velocity gradient must also be constant in
space:
∂U i
∂xj
(~x, t) =
∂U i
∂xj
(t) (2.12)
Thus the rapid distortion equations for fluctuating fields become:
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dρ
′
dt
=− ∂(u
′
kρ
′
)
∂xk
− ρ∂u
′
k
∂xk
− ρ′ ∂Uk
∂xk
, (2.13a)
du
′
i
dt
=− u′k
∂U i
∂xk
− u′k
∂u
′
i
∂xk
+ u
′
k
∂u
′
i
∂xk
− R
ρ
ρ′
∂T ′
∂xi
−R∂T
′
∂xi
− RT
ρ
∂ρ
′
∂xi
− RT
′
ρ
∂ρ
′
∂xi
+
RTρ
′
(ρ)2
∂ρ
′
∂xi
, (2.13b)
dT
′
dt
=− u′k
∂T
′
∂xk
+ u
′
k
∂T ′
∂xk
− (γ − 1)T ∂u
′
k
∂xk
− (γ − 1)T ′ ∂Uk
∂xk
− (γ − 1)T ′ ∂u
′
k
∂xk
+ (γ − 1)T ′ ∂u
′
k
∂xk
. (2.13c)
With these simplified equations, we can construct second order moments of the fluc-
tuating flow quantities:
d(u
′
iu
′
j)
dt
=− u′ju
′
k
∂U i
∂xk
− u′ju
′
k
∂u
′
i
∂xk
+ u
′
ju
′
k
∂u
′
i
∂xk
− Ru
′
j
ρ
ρ′
∂T ′
∂xi
−Ru′j
∂T
′
∂xi
− RTu
′
j
ρ
∂ρ
′
∂xi
− RT
′
u
′
j
ρ
∂ρ
′
∂xi
+
RTρ
′
u
′
j
(ρ)2
∂ρ
′
∂xi
− u′iu
′
k
∂U j
∂xk
− u′iu
′
k
∂u
′
j
∂xk
+ u
′
iu
′
k
∂u
′
j
∂xk
− Ru
′
i
ρ
ρ′
∂T ′
∂xj
−Ru′i
∂T
′
∂xj
− RTu
′
i
ρ
∂ρ
′
∂xj
− RT
′
u
′
i
ρ
∂ρ
′
∂xj
+
RTρ
′
u
′
i
(ρ)2
∂ρ
′
∂xj
(2.14a)
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d(u
′
iT
′
)
dt
=− T ′u′k
∂U i
∂xk
− T ′u′k
∂u
′
i
∂xk
+ T
′
u
′
k
∂u
′
i
∂xk
− RT
′
ρ
ρ′
∂T ′
∂xi
−RT ′ ∂T
′
∂xi
− RTT
′
ρ
∂ρ
′
∂xi
− R(T
′
)2
ρ
∂ρ
′
∂xi
+
RTρ
′
T
′
(ρ)2
∂ρ
′
∂xi
− u′iu
′
k
∂T
′
∂xk
+ u
′
iu
′
k
∂T ′
∂xk
− (γ − 1)Tu′i
∂u
′
k
∂xk
− (γ − 1)T ′u′i
∂Uk
∂xk
− (γ − 1)T ′u′i
∂u
′
k
∂xk
+ (γ − 1)u′iT ′
∂u
′
k
∂xk
(2.14b)
d(u
′
iρ
′)
dt
=− ρ′u′k
∂U i
∂xk
− ρ′u′k
∂u
′
i
∂xk
+ ρ′u′k
∂u
′
i
∂xk
− Rρ
′
ρ
ρ′
∂T ′
∂xi
−Rρ′∂T
′
∂xi
− RTρ
′
ρ
∂ρ
′
∂xi
− RT
′
ρ′
ρ
∂ρ
′
∂xi
+
RT (ρ
′
)2
(ρ)2
∂ρ
′
∂xi
− u′i
∂(u
′
kρ
′
)
∂xk
− ρu′i
∂u
′
k
∂xk
− ρ′u′i
∂Uk
∂xk
(2.14c)
d(ρ
′
T
′
)
dt
=− T ′ ∂(u
′
kρ
′
)
∂xk
− ρT ′ ∂u
′
k
∂xk
− ρ′T ′ ∂Uk
∂xk
− ρ′u′k
∂T
′
∂xk
+ ρ
′
u
′
k
∂T ′
∂xk
− (γ − 1)Tρ′ ∂u
′
k
∂xk
− (γ − 1)ρ′T ′ ∂Uk
∂xk
− (γ − 1)ρ′T ′ ∂u
′
k
∂xk
+ (γ − 1)ρ′T ′ ∂u
′
k
∂xk
(2.14d)
d(ρ
′
ρ
′
)
dt
=2ρ
′
[−∂(u
′
kρ
′
)
∂xk
− ρ∂u
′
k
∂xk
− ρ′ ∂Uk
∂xk
] (2.14e)
d(T
′
T
′
)
dt
=2T
′
[−u′k
∂T
′
∂xk
+ u
′
k
∂T ′
∂xk
− (γ − 1)T ∂u
′
k
∂xk
− (γ − 1)T ′ ∂Uk
∂xk
− (γ − 1)T ′ ∂u
′
k
∂xk
+ (γ − 1)T ′ ∂u
′
k
∂xk
] (2.14f)
Averaging Eq. (2.14) and invoking the assumption of homogeneous turbulence, the
following moment equations are obtained:
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d(u
′
iu
′
j)
dt
=− u′ju′k
∂U i
∂xk
− u′iu′k
∂U j
∂xk
−Ru′j
∂T ′
∂xi
− RT
ρ
u
′
j
∂ρ′
∂xi
−Ru′i
∂T ′
∂xj
− RT
ρ
u
′
i
∂ρ′
∂xj
− u′ju′k
∂u
′
i
∂xk
− u′iu′k
∂u
′
j
∂xk
− R
ρ
T ′u
′
j
∂ρ′
∂xi
+
RT
(ρ)2
ρ′u
′
j
∂ρ′
∂xi
− R
ρ
T ′u
′
i
∂ρ′
∂xj
+
RT
(ρ)2
ρ′u
′
i
∂ρ′
∂xj
(2.15a)
d(u
′
iT
′)
dt
=− T ′u′k
∂U i
∂xk
− RT
ρ
T ′
∂ρ′
∂xi
− (γ − 1)Tu′i
∂u
′
k
∂xk
− (γ − 1)T ′u′i
∂Uk
∂xk
− T ′u′k
∂u
′
i
∂xk
− R
ρ
(T ′)2
∂ρ′
∂xi
+
RT
(ρ)2
ρ′T ′
∂ρ′
∂xi
− u′iu′k
∂T ′
∂xk
− (γ − 1)T ′u′i
∂u
′
k
∂xk
(2.15b)
d(u
′
iρ
′)
dt
=− ρ′u′k
∂U i
∂xk
−Rρ′∂T
′
∂xi
− ρu′i
∂u
′
k
∂xk
− ρ′u′i
∂Uk
∂xk
− R
ρ
T ′ρ′
∂ρ′
∂xi
(2.15c)
d(ρ′T ′)
dt
=− ρT ′ ∂u
′
k
∂xk
− γρ′T ′ ∂Uk
∂xk
− (γ − 1)Tρ′ ∂u
′
k
∂xk
− (γ − 1)ρ′T ′ ∂u
′
k
∂xk
(2.15d)
d(ρ′ρ′)
dt
=− 2ρρ′ ∂u
′
k
∂xk
− 2ρ′ρ′ ∂Uk
∂xk
− 2ρ′ ∂(u
′
kρ
′)
∂xk
(2.15e)
d(T ′T ′)
dt
=− 2(γ − 1)TT ′ ∂u
′
k
∂xk
− 2(γ − 1)T ′T ′ ∂Uk
∂xk
− 2(γ − 1.5)T ′T ′ ∂u
′
k
∂xk
(2.15f)
As mentioned earlier, our objective is to solve the mean and second-order statis-
tics equations accurate to second-order in fluctuations. Thus all third-order statistics
will be omitted from further considerations from Eq. (2.15). Rather than solve the
moment equations directly, we will solve the fluctuation equations in Fourier space,
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as in traditional RDT [2].
Consistent with omitting third-order terms in second-moment equations, we con-
sider only terms linear in fluctuations in the fluctuation evolution equations:
dρ′
dt
= −ρ∂u
′
k
∂xk
− ρ′∂Uk
∂xk
(2.16a)
du′i
dt
= −u′k
∂U i
∂xk
−R∂T
′
∂xi
− RT
ρ
∂ρ′
∂xi
(2.16b)
dT ′
dt
= −(γ − 1)T ∂u
′
k
∂xk
− (γ − 1)T ′∂Uk
∂xk
(2.16c)
The linearity permits the use of superposition of results, which is key in Fourier
RDT computations. The fluctuating variables are written in terms of their Fourier
components:
~u
′
(~x, t) =
∑
~κ
~̂u(t)ei~κ(t)·~x, ρ
′
(~x, t) =
∑
~κ
ρ̂(t)ei~κ(t)·~x, T
′
(~x, t) =
∑
~κ
T̂ (t)ei~κ(t)·~x
(2.17)
where ~κ(t) is the wavenumber vector and ~̂u, ρ̂, and T̂ are the Fourier coefficients of
the velocity, density, and temperature fluctuations, respectively. Eqs. (2.16) are then
transformed to the following simpler ordinary differential equations (ODEs):
dρ̂
dt
= −iρκkûk − ∂Uk
∂xk
ρ̂, (2.18a)
dûi
dt
= −ûk ∂U i
∂xk
− i(RT̂ + RT
ρ
ρ̂)κi, (2.18b)
dT̂
dt
= −i(γ − 1)Tκkûk − (γ − 1)∂Uk
∂xk
T̂ , (2.18c)
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where i is the imaginary unit equal to
√−1. The wavenumber vector evolves as [2]:
dκi
dt
+ κk
∂Uk
∂xi
= 0. (2.19)
Eqs. (2.18) and (2.19) can be directly solved and then used to construct the
required covariances of fluctuating terms. Instead, we follow an alternate approach
recommended by Kassinos & Reynolds [16]. We define conditional moments given a
wavenumber, as follows [2]:
R̂ij ≡ 〈û∗i ûj|~κ〉, (2.20a)
L̂j ≡ 〈T̂ ∗ûj|~κ〉, (2.20b)
M̂j ≡ 〈ρ̂∗ûj|~κ〉, (2.20c)
Â ≡ 〈ρ̂∗T̂ |~κ〉, (2.20d)
B̂ ≡ 〈T̂ ∗T̂ |~κ〉, (2.20e)
Ĉ ≡ 〈ρ̂∗ρ̂|~κ〉. (2.20f)
The evolution equations for the above conditional moments (i.e. covariances) of two
Fourier coefficients can be derived from Eqs. (2.18) and (2.19):
dR̂ij
dt
= −∂U i
∂xk
R̂kj − ∂U j
∂xk
R̂ik + iR(L̂jκi − L̂∗iκj) + i
RT
ρ
(M̂jκi − M̂∗i κj), (2.21a)
dM̂i
dt
= iρκkR̂ki − ∂Uk
∂xk
M̂i − ∂U i
∂xk
M̂k − iRÂκi − iRT
ρ
Ĉκi, (2.21b)
dL̂i
dt
= i(γ − 1)TκkR̂ki − (γ − 1)∂Uk
∂xk
L̂i − ∂U i
∂xk
L̂k − iRB̂κi − iRT
ρ
Â∗κi, (2.21c)
dÂ
dt
= iρκkL̂
∗
k − i(γ − 1)TM̂kκk − γ
∂Uk
∂xk
Â, (2.21d)
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dB̂
dt
= −2(γ − 1)∂Uk
∂xk
B̂ + i(γ − 1)Tκk(L̂∗k − L̂k), (2.21e)
dĈ
dt
= −2∂Uk
∂xk
Ĉ + iρκk(M̂
∗
k − M̂k). (2.21f)
We opt to solve Eq. (2.21) for the conditional covariance and obtain the various
physical-space second-order moments by summing the terms over all wavenumbers
using the following relation:
uiuj =
∑
~κ
R̂ij(~κ, t), (2.22a)
uiT =
∑
~κ
L̂i(~κ, t), (2.22b)
ρui =
∑
~κ
M̂i(~κ, t), (2.22c)
ρT =
∑
~κ
Â(~κ, t), (2.22d)
T 2 =
∑
~κ
B̂(~κ, t), (2.22e)
ρ2 =
∑
~κ
Ĉ(~κ, t). (2.22f)
This approach of solving for the conditional moments directly, rather than for
the individual wavenumber amplitudes, has two very important advantages: (i) the
statistical sampling error is significantly reduced as is the computational requirements
[16], and (ii) the interdependence of various moments becomes immediately clear (e.g.
it is clear that solving for all equations is necessary to obtain the Reynolds stresses).
This insight is useful for closure modeling. Taking into account that each covariance
consists of a real part and an imaginary part, Eqs. (2.19) and (2.21) include 26
independent ordinary differential equations (ODEs). A fourth-order Runge-Kutta
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scheme [14] is used to solve these 26 ODEs in this thesis.
C. Numerical Implementation
The R-RDT equations are valid for arbitrary initial fields. As a preliminary step, we
will focus on isotropic turbulence. While many different types of mean flow deforma-
tion are of interest, we consider steady homogeneous shear as defined by:
∂U i
∂xj
=

0 S 0
0 0 0
0 0 0
 (2.23)
Initial conditions for the wavenumber vector and 25 covariances are specified in
Fourier space. We first consider fully incompressible isotropic turbulence at t = 0.
The wavenumber-vector ~κ(t = 0) and corresponding velocity covariance Rij(t = 0)
are specified in the same way as by [17]; 6079 wavevectors are distributed about a
unit sphere in Fourier space to render a statistically isotropic initial field. To ensure
initial incompressibility, velocity vectors for each wavevector are chosen such that
they are normal to the respective wavevector. For dilatational initial conditions, the
amplitude and wavevectors are parallel. Density is set so that ρ = 1.0, while initial
mean temperature is set to 300◦K. Finally, the correlation of density and temperature
fluctuations are specified as percentages of the mean density (8%) and temperature
(0.01%), respectively.
Based on previous studies [18], we recognize a gradient Mach number, Mg, as
the relevant parameter:
Mg ≡ Sl√
γRT0
(2.24)
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where R is the universal gas constant and T0 is the initial temperature, and the initial
characteristic length scale l is taken to be unity (l = 1).
As a validation of this method of specifying Mach number, it is important to
note that the incompressible results by [2] are recovered at low values of S (i.e.
Mg = 0.01) and the Burgers (i.e. high-Mach) limit is recovered at large values of S
(i.e. Mg = 2880). The subject of this thesis will be the study of the flow physics at
interim values of Mg.
D. Time-Step and Fourier Node Convergence Study
First, we perform a Fourier-node sensitivity study, carrying out computations with
three sets of Fourier nodes: 4006, 6079 and 12001. Care is taken to ensure that
initial conditions (e.g. incompressibility, isotropy, kinetic and internal energy, etc.)
are consistent across all three cases. Figs. 1 and 2 show kinetic energy and internal
energy fraction plots (to be discussed in more detail later), respectively, for the three
different gradient Mach number cases: Mg = 0.01 (incompressible limit), Mg = 1.00
and Mg = 2880 (Burgers limit). Excellent agreement is achieved in all three cases.
Based on the results, 6079 wavevectors are appropriate to be used in this study.
Convergence in time-step size must also be demonstrated. The time-step sizes
specified in Table I are used in the study. Simulations are performed for the standard
time-step size used in this study and half of that time-step size. Plots of kinetic
energy and internal energy fraction for the same three values of Mg are shown in
Figs. 3 and 4, respectively. The results are practically identical for all three values of
Mg for both quantities considered. Throughout this work, we use the time-step sizes
specified as case 1 in Table I.
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Fig. 1. R-RDT kinetic energy growth at coarse, medium and fine resolution in Fourier space
for the incompressible limit, Mg = 1.00 and Burgers limit cases. Symbols represent
- ♦: coarse resolution (4006 wavenumbers); : medium resolution (6079 wavenum-
bers); ×: fine resolution (12001 wavenumbers)
Table I. Time-step sizes used in convergence study
Mg range 4t (case 1) 4t (case 2)
0.01 0.00004 0.00002
0.29-0.72 0.0001 0.00005
> 1.0 0.001 0.0005
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Fig. 2. R-RDT internal energy growth as a fraction of total work produced by shear at
coarse, medium and fine resolution in Fourier space for the incompressible limit,
Mg = 1.00 and Burgers limit cases. Symbols represent - ♦: coarse resolution (4006
wavenumbers); : medium resolution (6079 wavenumbers); ×: fine resolution (12001
wavenumbers)
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Fig. 3. R-RDT kinetic energy growth at regular and half time-steps for the incompressible
limit, Mg = 1.00 and Burgers limit cases. Symbols represent - : regular time-step;
×: double time-step
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Fig. 4. R-RDT internal energy growth at regular and half time-steps for the incompressible
limit, Mg = 1.00 and Burgers limit cases. Symbols represent - : regular time-step;
×: double time-step
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CHAPTER III
R-RDT RESULTS
It has already been shown [14] that the R-RDT equations perform very well at the
incompressible and Burgers limits for homogeneous shear. Now we extend R-RDT
to interim shear values between the two limits. This section contains the results
stemming from R-RDT calculations for a variety of different initial conditions over a
large range of gradient Mach numbers (Mg).
A. Evolution of Kinetic Energy
While the behavior of kinetic energy growth is well-documented at the upper (i.e.
high-Mach) and lower limit (i.e. incompressible regime) of flows in RDT, not much
is known of the interim region with these given initial conditions and taking into
consideration the thermal influences on the flow. Normalized kinetic energy evolution
for R-RDT is plotted for various mean shear values from Mg = 0.01 (incompressible
limit) to Mg = 2880 (Burgers limit) in Fig. 5.
Several trends can be noted from the plot of turbulent kinetic energy growth.
There seems to be three distinct behaviors of the interim values of mean shear. Ini-
tially, the evolution typically follows the pressure-released trend (i.e. Mg = 2880) be-
fore peeling off in an oscillatory manner and then following the incompressible trend
(i.e. Mg = 0.01), though falling below that curve for a couple cases. As St → ∞,
it seems that the kinetic energy settles at decreasing magnitudes as gradient Mach
number increases. This is counterintuitive, since it seems that shearing the flow more
rapidly should lead to a larger amount of kinetic energy in the flow; however, a sim-
ilar trend is found by [13]. It turns out that this phenomenon is a consequence of
observing the results in shear-time St (in which the results of more-highly sheared
23
1
10
100
1000
0 10 20 30 40
St
k/k0
Fig. 5. The evolution of normalized turbulent kinetic energy with solenoidal initial condi-
tions. Plotted for a range of gradient Mach numbers Mg: −: 0.01; +: 0.29; ∗: 0.72;
◦:1.00; 4: 1.44; ♦: 2.88; : 5.76; ×: 14.4; N: 28.8; : 288; : 2880.
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Fig. 6. Kinetic energy evolution scaled with acoustic time with solenoidal initial conditions
at various specified gradient Mach numbers.
flows are stretched) as opposed to real time. If time is scaled according to an acoustic
timescale (i.e. t
√
γRT0), as shown in Fig. 6, it can be seen that the kinetic energy
decreases monotonically as gradient Mach number is decreased.
Fig. 6 also reveals that, though we have made observations of the behavior of
more highly-sheared flows near the Burgers limit in shear-time, the actual effects
that we observe occur very quickly in acoustic time; while the physical applications
of these observations of highly-sheared flows may be few, these highly-sheared flows
can still add to our understanding of the physics of the R-RDT equations.
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B. Role of Pressure-Dilatation
The goal of this thesis is to develop insight into the role of pressure-dilatation (rep-
resented as 〈pd〉) for the purpose of developing improved closure models.
1. Oscillatory Nature of Pressure
Wavelike properties are seen in the interim gradient Mach numbers in Fig. 5 which
are eventually suppressed as the shear is further increased. Closer examination reveals
that these oscillations are a result of pressure - i.e. the last two terms on the right side
of Eq. (2.21a) which stem from the pressure gradient term in Eq. (2.4b). As mean
shear S is increased, the first two terms of this equation dominate over the remaining
terms and minimize the effect of pressure terms at early times. This explains why
the onset of oscillations is suppressed as gradient Mach number increases. However,
given enough time, the wave-like trend eventually influences the kinetic energy growth,
even for the case where Mg = 2880, as can be seen in Fig. 7 when compared to the
Burgers (i.e. pressure-released) limit. It can be seen from this figure that oscillations
still develop for the case whereMg = 2880 and the curve eventually reverts to a lower
exponential curve.
This phenomenon can be explained by realizing that these pressure terms, while
being independent shear directly, are proportional to κ(t). In homogeneous shear
flows, the only component of the wavevector that grows with time is given by [2]:
κ̂2(t) = −(κ̂1)0St+ (κ̂2)0 (3.1)
where the subscript 0 indicates initial values. Therefore, whatever the chosen value
of shear (or Mg), the influence of the pressure terms will grow with time. The choice
of gradient Mach number, however, determines how long in shear-time it will take
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Fig. 7. The evolution of high-shear kinetic energy with developing oscillations at long St.
Symbols represent - solid line: pressure-released limit; : Mg = 2880.
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for this onset of wave-like behavior to occur. The oscillations that develop over time
should come as no surprise, as pressure is inherently wave-like in nature. As shear
is increased, the timescale of the flow decreases relative to the timescale of pressure;
thus, more time is required to allow the influence of pressure to be felt by the flow.
2. Pathological Behavior
From Fig. 5, there appears to be a difference in trends between the lower and higher
gradient Mach number flows. It was initially thought that this pathological switch in
trend is a result of the physics first spending energy to make the flow compressible
before the energy could be absorbed into other energy modes at later times. To test
the validity of this premise, the kinetic energy is divided into solenoidal and dilata-
tional components (i.e. into components of energy projected onto the plane normal
to κ̂3 and onto κ̂3 itself, respectively). The growth of solenoidal and dilatational com-
ponents of kinetic energy for the initially incompressible and compressible cases can
be found in Fig. 8.
From this figure, it can be seen that the fraction of kinetic energy at time St =
0 can be seen as purely solenoidal (i.e. incompressible), which is expected as we
began with fully solenoidal initial conditions. Also as can be expected, the kinetic
energy remains completely solenoidal at the incompressible limit (Mg = 0.01), with
incompressible initial conditions. Of interest in this figure is that the kinetic energy
fraction remains mostly in the solenoidal mode; the solenoidal percentage for the
Mg = 0.72 − 1.44 range is about 80% from about the beginning of the simulation,
while other gradient Mach numbers tend toward 80% as time progresses. Other
behavior that is apparent from Fig. 8 is that the shear component of the equations
tends to drive the kinetic energy back to incompressibility. However, as pressure is
given time to act, oscillations develop and return some compressibility to the flow (in
28
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Fig. 8. Normalized solenoidal (ks/k) and dilatational (kd/k) kinetic energy plots with
solenoidal initial conditions. Plotted for a range of gradient Mach numbers Mg:
−: 0.01; +: 0.29; ∗: 0.72; ◦:1.00; 4: 1.44; ♦: 2.88; : 5.76; ×: 14.4; N: 28.8; :
288; : 2880.
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the high-Mach case where pressure is negligible, kinetic energy reverts back entirely
to the solenoidal mode); note also that the occurrence of these oscillations is delayed
as Mg is increased. It seems that, as the total amount of kinetic energy present in
the flow continues to increase with time (as the constantly-applied shear continues
to do work on the flow), the division of the kinetic energy between solenoidal and
dilatational components eventually reaches a constant (80% and 20%, respectively),
independent of gradient Mach number.
As a check to ensure proper calculation of the solenoidal and dilatational ki-
netic energy components, the cross-components of kinetic energy (i.e. that portion
of energy composed of both solenoidal and dilatational kinetic energy - ud1u
s
1, u
d
2u
s
2
and ud3u
s
3) were calculated for both solenoidal and dilatational initial conditions. The
results of this computation are plotted in Fig. 9; the values are found to be negligibly
small, as expected.
3. Energy Balance of Kinetic and Internal Modes
The fluctuations observed in kinetic energy growth caused by the pressure terms
motivate the examination of the mechanisms behind energy transfer in the R-RDT
equations. Since no energy is being inserted into the flow except for the work done by
production via the applied mean shear, the only other energy present is that at the
initial state. The energy balance can best be described with the evolution equations
of Reynolds-averaged kinetic energy and Favre-averaged mean temperature:
ρ
∂
∂t
(
uiui
2
) + ρ
∂Ui
∂xj
uiuj = p′
∂u′i
xj
, (3.2)
cv
∂T˜
∂t
= −p′∂u
′
j
∂xj
, (3.3)
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Fig. 9. Normalized kinetic energy component plots with solenoidal initial conditions for the
cross component of kinetic energy. Plotted for a range of gradient Mach numbers
Mg: −: 0.01; +: 0.29; ∗: 0.72; ◦:1.00; 4: 1.44; ♦: 2.88; : 5.76; ×: 14.4; N: 28.8;
: 288; : 2880.
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respectively. Eq. (3.2) describes the evolution of the kinetic mode, while Eq. (3.3)
describes the evolution of the internal mode through density-weighted mean temper-
ature, T˜ (though temperature has been Reynolds-averaged, the Reynolds-averaged
components can be represented using a density-weighted temperature). As can be
seen, pressure-dilatation (i.e. the righthand side of both equations) is the link be-
tween the two equations. As kinetic energy is removed by pressure-dilatation, there
is a corresponding increase in the thermal mode; conversely, a fall in internal energy
due to pressure-dilatation will result in an increase in kinetic energy.
The next step is to track how much energy is being diverted away from kinetic
energy and converted to internal energy. One way of doing this is to calculate the
evolution of the mean temperature of the flow via integrating Eq. (3.3). This is
a major benefit in deriving the equations as was described in Chapter II, in which
the ideal gas law is employed rather than the isentropic gas relation, so that mean
temperature can now be accounted for to see if contribution to the internal mode is
significant (note that though, for the homogeneous shear case, temperature is the only
mean parameter that grows with time, this is not necessarily so with other types of
shear flows). Internal energy added to the system (as a fraction of total work inserted
into the flow by production) and mean temperature growth are plotted in Figs. 10
and 11, respectively.
From Fig. 10, the incompressible condition (Mg = 0.01) remains practically zero
for most of the simulation time (note that the trends become singular as St→ 0, since
the plot is of the change in internal energy as a fraction of total work performed on the
flow and total work is initially zero). While the internal energy change for Mg = 0.01
is practically zero (and, thus, mean temperature remains practically unchanged for the
same case), internal energy grows significantly in a range of gradient Mach numbers
from 0.72 to 5.76. Then, as S → ∞, the internal energy fraction present in the flow
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Fig. 10. Evolution of internal energy as a fraction of total work done by production, for
initially-solenoidal turbulence. Plotted for a range of gradient Mach numbers Mg:
−: 0.01; +: 0.29; ∗: 0.72; ◦:1.00; 4: 1.44; ♦: 2.88; : 5.76; ×: 14.4; N: 28.8; :
288; : 2880.
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Fig. 11. Evolution of density-weighted mean temperature for initially-solenoidal initial con-
ditions. Plotted for a range of gradient Mach numbers Mg: −: 0.01; +: 0.29; ∗:
0.72; ◦:1.00; 4: 1.44; ♦: 2.88; : 5.76; ×: 14.4; N: 28.8; : 288; : 2880.
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is driven back to zero (which is also reflected in Fig. 11, as mean temperature also
remains unchanged for large values of Mg). This is intuitive since the ever-increasing
inertia of the flow gives dominance to the production, requiring a larger relative
timescale for pressure to act on the flow (which isn’t to say that the internal energy
won’t grow with time for the high-shear case; certainly, as pressure is given more
time to act, some kinetic energy will eventually be converted to internal energy).
Therefore, as we state that pressure-dilatation is responsible for this conversion of
energy from the kinetic mode to the internal mode, this has been somewhat shown to
be true by the results as there is no dilatation at the incompressible limit and there
is no pressure at the Burgers limit. The conclusion is that the amount of internal
energy relative to work being done by the mean shear is large for 0.72 to 5.76 in
the time observed; however, this is not necessarily indicative of the gradient Mach
number at which the maximum amount of internal energy is produced; to obtain this
information, we must observe the growth of the mean temperature.
The maximum mean temperature growth occurs at approximately Mg = 1.00,
an interim gradient Mach number. Indeed, at Mg = 1.00, the necessity to include the
energy equation becomes apparent as mean temperature grows by over 17% of the
initial value. It was shown earlier that the maximum conversion of kinetic energy from
the solenoidal mode to the dilatational mode occurs for this gradient Mach number.
Therefore, it can be seen that the unique behavior that has so far been observed
is a result of the pressure-dilatation (i.e. 〈pd〉, the coupling of the momentum and
internal energy equations) becoming most active at approximately Mg = 1.00 (see
Fig. 12, where data is plotted to St = 5; maximum amplitude of 〈pd〉 occurs for
Mg = 1.00 at about St = 1.5). Similarly, previous research [5] also finds maximum
pressure-dilatation occurring at an interim Mach value near the incompressible limit.
Since pressure-dilatation is a maximum for approximately Mg = 1.00, it appears
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Fig. 12. Evolution of pressure-dilatation for initially-solenoidal turbulence. Plotted for a
range of gradient Mach numbers Mg: −: 0.01; +: 0.29; ∗: 0.72; ◦:1.00; 4: 1.44; ♦:
2.88; : 5.76; ×: 14.4; N: 28.8; : 288; : 2880.
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plausible that the size of 〈pd〉 determines not only the ease of transfer of kinetic energy
from the solenoidal to dilatational mode, but also the ease of transfer of energy from
the kinetic to the internal mode. Pressure-dilatation can be viewed as a valve between
the two modes; the size of 〈pd〉 determines the ease of transfer of energy between the
two modes.
It seems a bit more than coincidental that maximum temperature growth occurs
at Mg = 1.00. A possible conclusion that can be drawn from this is that, when the
shear and acoustic timescales are equal, an optimal coupling of the momentum and
energy occurs. To validate this conclusion, several simulations are performed with
various initial temperatures, with shear adjusted according to Eq. (2.24), and their
results are plotted in Fig. 13. It can be clearly seen that, no matter the initial
conditions for temperature, the maximum coupling between momentum and energy
takes place at Mg = 1.00 for an initially-incompressible flow.
Fig. 10 also shows that, as St → ∞, the internal energy fraction eventually
reaches some Mach-independent constant value. So, though energy is continually
being added via the constantly-applied shear, a balance is eventually reached in the
division between the kinetic and internal modes (though it seems to take longer for
this balance to be reached as Mg is increased). That is, the ratio of energy supplied
to kinetic-to-internal modes reaches a constant at large St.
C. Three Distinct Regions of R-RDT
The observations that have been made thus far allow some generalizations to be
made about R-RDT. By isolating just the Mg = 14.4 case and comparing it with
the incompressible and Burgers limits, we can observe three distinct regions present
with R-RDT: an initially shear-dominant region, a region characterized by increasing
37
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Fig. 13. Density-weighted temperature at St = 40 for various values of initial temperature,
as specified.
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Fig. 14. Kinetic energy evolution showing three distinct regions present in R-RDT equations.
Solid line: incompressible limit; dashed line: Burgers limit; dotted line: Mg = 14.4.
pressure effects and a balanced region where the shear-to-pressure ratio reaches a
self-similar state (see Fig. 14).
At early times, the shear-dominant region forces the kinetic energy evolution to
follow the Burgers (no-pressure) case, which should come as no surprise since the
high shear essentially nullifies the effects of pressure in the calculation. However,
as was noted earlier, the effects of pressure increase with time due to the growth
of κ̂2. This is evident as all the terms in Eq. (2.21a) that stem from the pressure
gradient in the governing momentum equation are multiplied by κ̂2. Additionally,
though the wavevectors are initially evenly distributed, they tend in time toward the
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κ̂2 component, as seen in Fig. 15 and as is the case in incompressible RDT [2]. As
pressure begins to influence the flow, oscillatory effects creep into the kinetic energy
evolution and peel it away from the Burgers solution. It is in this second region where
pressure begins to neutralize the shear dominance. It is also in this region where little
to no production is taking place as b12 (the anisotropy component directly linked to
production) is approximately zero in this region (as can be seen in Fig. 16). Finally,
a third region is reached where the oscillations are damped out, b12 decreases from
zero toward the non-zero incompressible solution and a balance is reached between
shear and pressure similar to that in incompressible flow.
When examining the behavior of the b12 anisotropy component, comparison can
be made to previous RDT [13] and direct numerical simulation (DNS) [18] homoge-
neous shear turbulence. In this previous work, the isentropic gas equation is used
to calculate pressure and, thus, the energy equation is not incorporated; as a result,
thermodynamic effects are not addressed. Previous RDT results [13] are found to
generally match the trends of the DNS results for b12 and Λ (i.e. the turbulent ki-
netic energy growth rate exponent), with similar magnitudes for each (see Figs. 17
and 18, respectively). Both sets of results also document the behavior in kinetic en-
ergy evolution mentioned earlier - i.e. that kinetic energy increases monotonically
with increasing Mach number at early St, while kinetic energy switches to decrease
monotonically with increasing Mach number at long St, with the “crossover” point
occurring at St ≈ 4. The DNS of the b12 component is found to be sensitive to the
Mach number as it reaches an asymptotic state at long St; however, the RDT data
of Simone et al. shows that b12 tends to converge to a single value, irrespective of the
gradient Mach number. The reasoning given [13] is that disregarding the non-linear
terms in RDT aids in capturing the general trends and magnitudes, but neglects im-
portant effects that characterize the flow at long St. Similar trends and magnitudes
40
Fig. 15. Evolution of unit wavevectors with time for the Mg = 1.00 case, showing the pro-
gression toward the e2 unit direction. Symbols represent: ×: initial position of
wavevectors; ◦: position of wavevectors at St = 40
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Fig. 16. b12 anisotropy evolution showing three distinct regions present in R-RDT equations.
Solid line: incompressible limit; dashed line: Burgers limit; dotted line: Mg = 14.4.
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Fig. 17. b12 anisotropy component of initially-incompressible homogeneous turbulence in
pure shear at various Mach numbers. Plots are shown for (a) DNS [18] (with
the solid line indicating incompressible limit and arrows the direction of increasing
Mach number) and (b) R-RDT (symbols indicating values of Mg: −: 0.01; +: 0.29;
∗: 0.72; ◦:1.00; 4: 1.44; ♦: 2.88; : 5.76; ×: 14.4; N: 28.8; : 288; : 2880.)
of b12 and Λ are found with R-RDT, including the crossover point occurring at St ≈ 4
and the b12 anisotropy component converging to a common value at long St.
The b12 component in the previous research [13] is also divided into solenoidal
and dilatational components so that the role of compressibility can be examined (via
increasing Mach number) on each portion of the flow and then compared with the
DNS data. In R-RDT as well, both the trends and magnitudes match very well with
the DNS data for b12 for both the solenoidal and dilatational fields, as shown in Figs.
19 and 20, respectively.
One analogy for interaction between shear and pressure and how they affect
kinetic energy is that of a mass (which is attached to a vertical spring that is fixed
at one end) suddenly dropped from rest (see Fig. 21). Initially in Fig. 21a, the mass
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Fig. 18. Turbulent kinetic energy growth rate exponent of initially-incompressible homo-
geneous turbulence in pure shear at various Mach numbers. Plots are shown for
(a) DNS [18] (with the solid line indicating Burgers limit and arrows the direction
of increasing Mach number) and (b) R-RDT (symbols indicating values of Mg: ∗:
0.72; ◦:1.00; 4: 1.44; ♦: 2.88; : 5.76; ×: 14.4; N: 28.8; : 288; : 2880.
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Fig. 19. Solenoidal b12 anisotropy component of initially-incompressible homogeneous turbu-
lence in pure shear at various Mach numbers (arrows indicate direction of increasing
Mach number). Solid line represents the incompressible limit. Plots are shown for
(a) DNS [18] and (b) R-RDT.
is released. The downward force on the mass caused by gravity (similar to shear)
is opposite and greater than the force applied by the spring (similar to pressure,
especially so since pressure is known to provide elasticity to the flow), causing the
mass to accelerate downward. The inertia of the mass stretches the spring to its
maximum length until finally the force of the spring is large enough to counteract
the weight of the object and accelerate it upward; the mass moves upward and slows
until the force of gravity can again override the force from the spring; this process
produces ever-dampening oscillations (Fig 21b). These oscillations continue until the
gravitational force balances the force from the spring, causing the mass to come to
rest at a point between its starting position and its greatest extension (Fig. 21c).
This analogy is not a perfect one, as the energy via the production term (b12)
does not oscillate exactly about the incompressible limit. It seems that the increase
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Fig. 20. Dilatational b12 anisotropy component of initially-incompressible homogeneous tur-
bulence in pure shear at various Mach numbers (arrows indicate direction of increas-
ing Mach number). Solid line represents the Burgers limit. Plots are shown for (a)
DNS [18] and (b) R-RDT.
of dilatational kinetic energy in the “oscillation” region correlates very well to the
amount of departure of production from the incompressible limit (see Fig. 8). It is
possible that the dilatational portion of the flow actually serves to provide additional
elasticity to the flow (similar to an additional spring) and saps some of the energy
growth that would have otherwise been experienced by the system. However, the
spring analogy is useful in gaining a better understanding of the physical processes
at work in the rapidly-distorted limit.
With the above discussion about the three distinct regions in R-RDT, it should
also be noted that kinetic energy in Fig 14 is plotted versus shear-time, so that
the relative sizes of the first two regions are stretched in size with higher values of
Mg. In a more physically realistic timescale (e.g. acoustic time), the first two regions
occur very rapidly. In fact, the Burgers limit is an infinitely-stretched shear-dominant
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Fig. 21. Analogy of a spring-mass system with mass dropped from rest, describing three
regions of R-RDT: (a) initially, at the point the mass is released; (b) after release
of the mass during oscillations up and down; (c) at long time when the mass comes
to rest.
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region (i.e. as Mg → ∞), while the incompressible limit has an infinitely-stretched
self-similar region (i.e. as Mg → 0). The relative sizes of all three regions varies as
Mg is varied. In practice, the shear-dominant region may not be of much physical
relevance; however, for understanding the behavior in the rapid distortion limit, it is
important to note the distinction.
D. Effect of Initial Dilatation
To view the role of pressure-dilatation from another perspective, we vary the initial
conditions so that the flow is now initially fully dilatational (by aligning the velocity
fluctuations along the κ̂3 wavevector component). Initial conditions are scaled such
that total initial energy remains constant across the two cases and the Reynolds stress
tensor is kept isotropic so that the effects of dilatation can be isolated. A plot of the
turbulent kinetic energy present in the flow for initially-dilatational turbulence can
be found in Fig. 22.
The trends for the kinetic energy evolution for the initially-dilatational case look
similar to the initially-solenoidal case (Fig. 5), with the plots peeling off from the
Burgers solution toward the incompressible solution. The trend of the curves at the
low-Mach limit for the initially-compressible case do not match the solenoidal incom-
pressible RDT results, as expected. In fact, for low Mach numbers where pressure
is more dominant over shear, the compressibility of the initial conditions allows for
reverse flow of energy from the kinetic mode to the internal mode (as shown by the
initial dip below initial kinetic energy for Mg ≤ 1.44 in Fig. 5). And though the
Burgers solution remains the same for both cases, the kinetic energy levels of the
initially-dilatational case are generally less than those for the initially-solenoidal case
at lower value ofMg. The fact that the Burgers solution (in which pressure-dilatation
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Fig. 22. The evolution of normalized turbulent kinetic energy with dilatational initial con-
ditions. Plotted for a range of gradient Mach numbers Mg: −: 0.01; +: 0.29; ∗:
0.72; ◦:1.00; 4: 1.44; ♦: 2.88; : 5.76; ×: 14.4; N: 28.8; : 288; : 2880.
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Fig. 23. Evolution of density-weighted mean temperature for initially-dilatational initial
conditions. Plotted for a range of gradient Mach numbers Mg: −: 0.01; +: 0.29; ∗:
0.72; ◦:1.00; 4: 1.44; ♦: 2.88; : 5.76; ×: 14.4; N: 28.8; : 288; : 2880.
has no part) remains constant indicates, at least at that limit, that the same amount
of energy is being inserted into the flow; so the fact that the plots of kinetic energy
of the smaller values of Mg are themselves smaller (mainly for Mg ≤ 5.76) may be an
indication that more energy is being transferred to the thermal mode. To examine
this possibility, the mean temperature and internal energy as a fraction of total work
done on the flow for the initially-dilatational case are plotted in Figs. 23 and 24,
respectively.
The mean temperature plot in Fig. 23 shows that total temperature of the
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Fig. 24. Evolution of internal energy as a fraction of total work done by production, for
initially-dilatational turbulence. Plotted for a range of gradient Mach numbers Mg:
−: 0.01; +: 0.29; ∗: 0.72; ◦:1.00; 4: 1.44; ♦: 2.88; : 5.76; ×: 14.4; N: 28.8; :
288; : 2880.
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flow increases for most cases as compared to the initially-solenoidal case (Fig. 11),
the most significantly for Mg ≤ 5.76, whereas the higher shear cases do not change
significantly. So it seems that 〈pd〉 in the initially-dilatational case is more effective
in converting energy to the thermal mode for Mg ≤ 5.76 (i.e. as the incompressible
limit is approached). This can also be observed in Fig. 24, where the internal energy
fraction is higher for Mg ≤ 5.76 (at about 60%) than for the solenoidal case in Fig.
10. Also evident from Fig. 23 is that the gradient Mach number of maximum mean
temperature growth shifts downward from aboutMg = 1.00 in the initially-solenoidal
case to the incompressible limit, Mg = 0.01, for the initially-dilatational case.
As was performed for the initially-solenoidal case, the kinetic energy is again
partitioned into solenoidal and dilatational components and plotted in Figs. 25 and
26, respectively. From the component plots of kinetic energy, it can be seen that
all of the energy initially lies in the dilatational field, as expected from our initial
conditions. Additionally, for the incompressible case (Mg = 0.01), the entirety of the
energy remains in the dilatational field; when dilatational energy is a maximum, it
seems that mean temperature growth is also a maximum. However, the figures show
that increasing the mean shear drives the energy to the solenoidal field at early times.
These trends of the solenoidal and dilatational components of kinetic energy
for the initially-dilatational case are different from those for the initially-solenoidal
case (Fig. 8) in that more kinetic energy is retained in the dilatational field for low
values of shear (Mg ≤ 5.76), as increasing shear seems to force the flow back to
the solenoidal mode. This is a consistent theme with the initially-dilatational case,
that compressibility in the initial conditions has the greatest effect on the lower-shear
cases, which leads to greater efficiency of pressure-dilatation converting energy to the
internal mode.
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Fig. 25. Normalized solenoidal kinetic energy plots with dilatational initial conditions. Plot-
ted for a range of gradient Mach numbers Mg: −: 0.01; +: 0.29; ∗: 0.72; ◦:1.00; 4:
1.44; ♦: 2.88; : 5.76; ×: 14.4; N: 28.8; : 288; : 2880.
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Fig. 26. Normalized dilatational kinetic energy plots with dilatational initial conditions.
Plotted for a range of gradient Mach numbers Mg: −: 0.01; +: 0.29; ∗: 0.72;
◦:1.00; 4: 1.44; ♦: 2.88; : 5.76; ×: 14.4; N: 28.8; : 288; : 2880.
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1. Superposability of R-RDT Equations
Varying the compressibility of the initial conditions allows the opportunity to test
another facet of RDT, that being the linearity of the governing equations. As such,
the R-RDT results should be superposable for various combinations of compressibility
and incompressibility in the initial conditions.
To test the superposability of the R-RDT results, data is taken from the Mg =
1.00 case where the initial field is composed of 70% solenoidal energy and 30% di-
latational energy. Then the two data sets obtained from the fully solenoidal and fully
dilatational initially-conditioned cases for Mg = 1.00 are weighted by 70% and 30%,
respectively, and are summed together. The comparison of what results is presented
for two representative parameters - kinetic energy evolution and mean temperature
evolution - in Figs. 27 and 28, respectively. A similar method is applied for the
Mg = 1.00 case where the solenoidal and dilatational composition of the initial field
is 30% and 70%, respectively, and is also plotted in Figs. 27 and 28.
It can be seen that this method of adding scaled components of the fully solenoidal
and dilatational cases results in good agreement with the cases of mixed initial con-
ditions. This confirms that the R-RDT equations are indeed linear and superposable,
and that the results scale linearly from the initially-solenoidal data to the initially-
dilatational data. This has important closure model implications.
2. Compressibility Effects on Anisotropy
Knowing that 〈pd〉 increases in efficiency (i.e. in effectiveness at converting work done
on the system to internal energy) as the compressibility of the initial conditions is
increased, we now seek to observe the effect of 〈pd〉 on the anisotropies as the com-
pressibility of the initial conditions is increased. It is generally known that pressure
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Fig. 27. Kinetic energy growth at various initial mixtures of compressibility and incompress-
ibility for Mg = 1.00. Solid lines: results for specified initial mixtures; : results
weighted 70% solenoidal and 30% dilatational; ×: results weighted 30% solenoidal
and 70% dilatational.
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Fig. 28. Mean temperature growth at various initial mixtures of compressibility and incom-
pressibility for Mg = 1.00. Solid lines: results for specified initial mixtures; :
results weighted 70% solenoidal and 30% dilatational; ×: results weighted 30%
solenoidal and 70% dilatational.
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Fig. 29. Solenoidal, non-zero components of the anisotropy tensor for Mg = 1.00, plotted
for a range of compressibility percentages in the initial conditions - : 100% di-
latational; 4: 70% dilatational; ×: 30% dilatational; ◦: 0% dilatational. Figures
represent (a) bs11, (b) b
s
12, (c) b
s
22 and (d) b
s
33.
has the effect of isotropizing the flow (i.e. resisting the anisotropization of the flow by
shear). The goal of this section is to see if similar observations may be made about
the role of pressure-dilatation for an initially-dilatational field.
It is helpful to plot the non-zero components of the anisotropy tensor and ob-
serve the changes that occur as compressibility is increased in the initial conditions.
The solenoidal and dilatational non-zero components of the anisotropy tensor for a
representative case (Mg = 1.00) are plotted in Figs. 29 and 30, respectively.
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Fig. 30. Dilatational, non-zero components of the anisotropy tensor for Mg = 1.00, plotted
for a range of compressibility percentages in the initial conditions - : 100% di-
latational; 4: 70% dilatational; ×: 30% dilatational; ◦: 0% dilatational. Figures
represent (a) bd11, (b) b
d
12, (c) b
d
22 and (d) b
d
33.
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The solenoidal plots in Fig. 29 show fairly good agreement between the diagonal
components, regardless of the initial amount of compressibility, once the flow has had
time to develop. Only for the b12 component does the magnitude change significantly
as compressibility is increased (except for the completely solenoidal case), indicating
that solenoidal production grows with the amount of compressibility present in the
initial field. The solenoidal anisotropy tensor components reveal that the flow becomes
one-componential with all of the energy in the u1u1 component. The dilatational plots
in Fig. 30 reveal good agreement between all compositions of the initial conditions.
The flow reaches the anisotropic one-componential limit, this time with all of the
energy contained in the u2u2 term. Livescu & Madina [15] found a similar trend for
inviscid and viscous RDT, as well as for DNS: the dilatational velocity field moves
to the one-componential limit as a result of the (2,2) component of the dilatational
kinetic energy.
For the sake of comparison, the solenoidal and dilatational anisotropies of a
higher shear magnitude (Mg = 28.8) are plotted in Figs. 31 and 32, respectively.
These figures show similar trends as with the Mg = 1.00 case, except that now all the
solenoidal plots collapse onto one line. At distinct time intervals that double with
each interval, there occurs distinct “kinks” in the evolution of the anisotropy tensor
components. At these intervals, the steepness of the “kinks” in the plots increases
as the amount of initial compressibility is increased. As these “kinks” move the flow
away from anisotropy with increasing initial compressibility, they could be somehow
related to pressure-dilatation (which also resists anisotropy). These sharp kinks occur
at the same point in shear-time for all levels of Mg.
The conclusion that can be drawn from Figs. 29-32 is that the solenoidal com-
ponent of the flow is largely unaffected by a change in initial compressibility (and,
thus, an increase in the efficiency of 〈pd〉), while the dilatational component is affected
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Fig. 31. Solenoidal, non-zero components of the anisotropy tensor for Mg = 28.8, plotted
for a range of compressibility percentages in the initial conditions - : 100% di-
latational; 4: 70% dilatational; ×: 30% dilatational; ◦: 0% dilatational. Figures
represent (a) bs11, (b) b
s
12, (c) b
s
22 and (d) b
s
33.
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Fig. 32. Dilatational, non-zero components of the anisotropy tensor for Mg = 28.8, plotted
for a range of compressibility percentages in the initial conditions - : 100% di-
latational; 4: 70% dilatational; ×: 30% dilatational; ◦: 0% dilatational. Figures
represent (a) bd11, (b) b
d
12, (c) b
d
22 and (d) b
d
33.
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more and more at distinct intervals in shear-time as initial compressibility (and, thus,
〈pd〉 efficiency) is increased. Simone et al. [13] seem to draw the opposite conclusion,
that being that compressibility has a greater effect on the solenoidal field than on the
dilatational field; this conclusion is based upon observations of the evolution of the
b12 component which, as can be seen in Figs. 29 and 30, holds true in R-RDT as the
solenoidal b12 component experiences a greater change with increasing compressibility
than does its dilatational counterpart. However, when examining all of the non-zero
components of the anisotropy tensor, it is apparent that the Reynolds stresses which
comprise the energy of the system seem to be less affected by compressibility in the
solenoidal field than in the dilatational field.
E. Applicability of R-RDT
As has been noted, care must be taken in interpreting the R-RDT results and the
degree of relevance to a given problem. Clearly, if one of the governing assumptions
is violated, the above-mentioned results may not be valid. For example, if the applied
shear is not very large, the R-RDT results may not be directly applicable. However,
as applied shear increases, the R-RDT results will be more relevant.
We have noted the distinct regions in R-RDT and have stated that the physical
time over which the shear-dominant and pressure-growth regions act is actually quite
small. In fact, it is possible that such regions pass too rapidly to be detected in
laboratory flows. However, these regions are useful in determining how rapid pressure
influences turbulence and can be important in developing closure model criteria.
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CHAPTER IV
RAPID DISTORTION THEORY: FAVRE-AVERAGED STATISTICS
In this section, we discuss salient features of the derivation of the Favre-averaged
RDT equations (F-RDT), and briefly present the numerical implementation of the
equations. Ultimately, the choice between the two methods depends upon the research
goal. F-RDT provides statistics that are physically more meaningful, but at the
expense of a more complicated mathematical formulation. On the other hand, the
R-RDT formulation is simpler, but the quantities examined are of lesser physical
relevance.
A. Methodology
The derivation of the F-RDT equations is similar to that of the R-RDT equations,
with some important differences. While the main governing equations for F-RDT are
the same, Favre decomposition is applied to velocity and temperature as:
Ui =
ρUi
ρ
+ u”i = U˜i + u
”
i , (4.1a)
T =
ρT
ρ
+ T ” = T˜ + T ”, (4.1b)
respectively, while Reynolds decomposition is still applied to density. This approach
yields the following mean field equations (linearized with the removal of second and
higher-order terms as was performed with R-RDT):
∂ρ
∂t
+
∂(ρU˜m)
∂xm
= 0 (4.2a)
∂(ρU˜i)
∂t
+
∂(ρU˜iU˜m)
∂xm
= −R∂(ρT˜ )
∂xi
(4.2b)
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∂ρT˜
∂t
+
∂ρT˜ U˜m
∂xm
= −RρT˜
cv
∂U˜m
∂xm
(4.2c)
When the mean field is subtracted from the linearized set of equations, the following
four fluctuating equations are obtained:
dρ
′
dt
= −∂U˜m
∂xm
ρ
′ − ∂(ρu
”
m)
∂xm
(4.3a)
du”i
dt
= −ρ
′
ρ
(
dU˜i
dt
+R
∂T˜
∂xi
)− u”m
∂U˜i
∂xm
− R
ρ
∂(ρT ”)
∂xi
− RT˜
ρ
∂ρ
′
∂xi
(4.3b)
d(ρu”i )
dt
= −ρu”i
∂U˜m
∂xm
− ρ′(dU˜i
dt
+R
∂T˜
∂xi
)− ρu”m
∂U˜i
∂xm
−R∂(ρT
”)
∂xi
−RT˜ ∂ρ
′
∂xi
(4.3c)
d(ρT ”)
dt
= −ρT ”∂U˜m
∂xm
(1 +
R
cv
)− ρu”m
∂T˜
∂xm
− (dT˜
dt
+
RT˜
cv
∂U˜m
∂xm
)ρ
′ − RρT˜
cv
∂u”m
xm
(4.3d)
In this thesis, the homogeneity condition will also be applied in the F-RDT equations,
allowing at this point the removal of spatial gradients of thermodynamic quantities.
Using a similar Fourier approach as has already been described, the ODEs obtained
are:
dρ̂
′
dt
= −iκmα̂m (4.4a)
dû”i
dt
= −û”m
∂U˜i
∂xm
− iR
ρ
κi(β̂ + T˜ ρ̂
′
) (4.4b)
dα̂i
dt
= −α̂m ∂U˜i
∂xm
− iRκi(β̂ + T˜ ρ̂′) (4.4c)
dβ̂
dt
= −i(γ − 1)ρT˜κmû”m (4.4d)
where:
αi = ρu
”
i , (4.5)
β = ρT ”. (4.6)
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By constructing all possible fluctuating correlations of the above Fourier equations,
one may obtain the following correlations:
uiuj =
∑
~κ
Âij(~κ, t), (4.7a)
αiαj =
∑
~κ
B̂ij(~κ, t), (4.7b)
αiuj =
∑
~κ
Ĉij(~κ, t), (4.7c)
uiρ =
∑
~κ
D̂i(~κ, t), (4.7d)
αiρ =
∑
~κ
Êi(~κ, t), (4.7e)
uiβ =
∑
~κ
F̂i(~κ, t), (4.7f)
αiβ =
∑
~κ
Ĝi(~κ, t), (4.7g)
βρ =
∑
~κ
Ĥ(~κ, t), (4.7h)
ρρ =
∑
~κ
Î(~κ, t), (4.7i)
ββ =
∑
~κ
Ĵ(~κ, t). (4.7j)
where:
Âij ≡ 〈û∗i ûj|~κ〉, (4.8a)
B̂ij ≡ 〈α̂∗i α̂j|~κ〉, (4.8b)
Ĉij ≡ 〈α̂∗i ûj|~κ〉, (4.8c)
D̂i ≡ 〈û∗i ρ̂|~κ〉, (4.8d)
Êi ≡ 〈α̂∗i ρ̂|~κ〉, (4.8e)
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F̂i ≡ 〈û∗i β̂|~κ〉, (4.8f)
Ĝi ≡ 〈α̂∗i β̂|~κ〉, (4.8g)
Ĥ ≡ 〈β̂∗ρ̂|~κ〉, (4.8h)
Î ≡ 〈ρ̂∗ρ̂|~κ〉, (4.8i)
Ĵ ≡ 〈β̂∗β̂|~κ〉, (4.8j)
As mentioned before, it is more efficient to solve for the correlations directly. There-
fore, constructing the evolution equations for the above correlations yields the follow-
ing 64 ODEs:
dAij
dt
= −Amj ∂U˜i
∂xm
− Aim ∂U˜j
∂xm
+ i
R
ρ
κi(F
∗
j + T˜D
∗
j )− i
R
ρ
κj(Fi + T˜Di) (4.9a)
dBij
dt
= −Bmj ∂U˜i
∂xm
−Bim ∂U˜j
∂xm
+ iRκi(G
∗
j + T˜E
∗
j )− iRκj(Gi + T˜Ei) (4.9b)
dCij
dt
= −Cmj ∂U˜i
∂xm
− Cim ∂U˜j
∂xm
+ iRκi(F
∗
j + T˜D
∗
j )− i
R
ρ
κj(Gi + T˜Ei) (4.9c)
dDi
dt
= −Dm ∂U˜i
∂xm
+ i
R
ρ
κi(H + T˜ I)− iκmC∗mi (4.9d)
dEi
dt
= −Em ∂U˜i
∂xm
+ iRκi(H + T˜ I)− iκmBim (4.9e)
dFi
dt
= −Fm ∂U˜i
∂xm
+ i
R
ρ
κi(J + T˜H
∗)− i(γ − 1)ρT˜κmAim (4.9f)
dGi
dt
= −Gm ∂U˜i
∂xm
+ iRκi(J + T˜H
∗)− i(γ − 1)ρT˜κmCim (4.9g)
dH
dt
= iκm[(γ − 1)ρT˜Dm −G∗m] (4.9h)
dI
dt
= iκm(Em − E∗m) (4.9i)
dJ
dt
= i(γ − 1)ρT˜κm(Fm − F ∗m) (4.9j)
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It is evident in these highly-coupled equations that the solution of all equations
must be carried out to obtain a solution for the density-weighted turbulent kinetic
energy. With these equations and the wavevector evolution equation in Eq. 2.19,
one must solve 65 ordinary differential equations. Again, a fourth-order Runge-Kutta
solver is used to solve for these equations.
B. Numerical Implementation
The numerical implementation for the Favre-averaged method is very similar to the
R-RDT method. As mentioned, large homogeneous shear is imposed on a turbulence
field that is initially incompressible and isotropic. The gradient Mach number Mg,
as defined earlier, is used to control the inertia of the flow and allows for equal
comparison between the two RDT methods. Density is also set so that ρ = 1.0, while
initial mean temperature is set to 300◦K.
For the sake of comparison, the initial conditions for the velocity field in the R-
RDT simulations (i.e. Rij) are used in the F-RDT simulations (i.e. Aij, Bij and Cij)
as well. It is assumed that there are no fluctuations initially in the thermodynamic
variables. Since mean density is set to unity and no fluctuations are specified in
density, the result is that all initial velocity fields in the F-RDT equations exactly
match the initial velocity field in the R-RDT equation. Steps are not taken to ensure
the convergence of the F-RDT simulations, for reasons that will be discussed in detail
in Chapter V.
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CHAPTER V
F-RDT RESULTS
As mentioned in Chapter IV, significant examination of the Favre-averaged RDT
equations is not performed for several reasons. The most readily-apparent reason is
that identical plots are returned for the evolution of the kinetic (both density-weighted
and non-density-weighted) and internal modes, as can be seen in Figs. 33, 34 and 35,
respectively.
As can be seen when compared with the plots of initially-incompressible R-RDT
kinetic energy and mean temperature evolution (Figs. 5 and 11, respectively), the
F-RDT plots of kinetic energy and mean temperature are essentially the same for all
values of Mg and time St.
The reason for the similarity between the two sets of results stems from the
fact that the ρ′u
′
i correlation in R-RDT is zero for all values of Mg at all times. By
definition, the relation between the Reynolds-averaged mean velocity and the Favre-
averaged mean velocity is as follows:
U˜i =
ρUi
ρ
=
1
ρ
(Ui + u
′
i)(ρ+ ρ
′) = Ui +
u
′
iρ
′
ρ
(5.1)
Accordingly, if the correlation between fluctuating velocity and density (i.e. ρ′u
′
i) is
zero, then the following is obtained:
U˜i = Ui (5.2)
Returning to the definition of Reynolds and Favre decomposition for velocity, if Eq.
(5.2) holds to be true, then:
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Fig. 33. The evolution of density-weighted normalized turbulent kinetic energy with
solenoidal initial conditions from F-RDT simulations. Plotted for a range of gradi-
ent Mach numbers Mg: −: 0.01; +: 0.29; ∗: 0.72; ◦:1.00; 4: 1.44; ♦: 2.88; : 5.76;
×: 14.4; N: 28.8; : 288; : 2880.
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Fig. 34. The evolution of non-density-weighted normalized turbulent kinetic energy with
solenoidal initial conditions from F-RDT simulations. Plotted for a range of gradi-
ent Mach numbers Mg: −: 0.01; +: 0.29; ∗: 0.72; ◦:1.00; 4: 1.44; ♦: 2.88; : 5.76;
×: 14.4; N: 28.8; : 288; : 2880.
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Fig. 35. Evolution of mean temperature for initially-solenoidal initial conditions from
F-RDT simulations. Plotted for a range of gradient Mach numbers Mg: −: 0.01;
+: 0.29; ∗: 0.72; ◦:1.00; 4: 1.44; ♦: 2.88; : 5.76; ×: 14.4; N: 28.8; : 288; :
2880.
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Ui = U˜i + u
”
i = Ui + u
′
i (5.3)
∴ u”i = u
′
i (5.4)
Therefore, if the fluctuating velocities of both methods are the same, then the corre-
lations of those fluctuating velocities (including the respective kinetic energies - uiui
- and work due to production - u1u2) will be the same, thereby leading to the same
internal energy growth. This isn’t necessarily true of the F-RDT method for all types
of shear flows and has only been shown true in the case of homogeneous shear flow.
Indeed, ρ′u
′
i is expected to be more significant in the case of uniaxial compression
shear flows (such as experienced across a shockwave); such types of flows require
further study in the arena of F-RDT.
The R-RDT method is computationally easier to solve as compared to F-RDT
(26 ODEs vs. 65 ODEs). For other mean shear flows where the two sets of data
will differ, F-RDT ultimately will provide more meaningful physical results (such as
density-weighted kinetic energy) and will likely be useful in future model development.
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CHAPTER VI
CONCLUSIONS
Starting from first principles, a set of 26 ODEs that describe the evolution of com-
pressible ideal gas turbulence in the rapid distortion limit are derived. The set in-
cludes equations for Reynolds-averaged first (mean) and second-order moments. In-
voking the rapid distortion simplification allows all third-order moments to be taken
as negligible. The corresponding fluctuation equations are linear and hence are eas-
ily amenable to solution techniques in Fourier space, a method routinely employed
in incompressible rapid distortion theory (I-RDT). The validity of the compressible
RDT equations and solution procedure has been established in concurrent work [14]
by comparison against published incompressible RDT results [2] at one limit and
analytical pressure-released Burgers turbulence at the infinite Mach number limit.
In this thesis, this validated and verified R-RDTmethod is applied to the problem
of homogeneous shear turbulence subject to a range of gradient Mach numbers and
initial compressibility. Further, the method is extended to Favre-averaged RDT (F-
RDT), where equations are derived and preliminary validation has been completed.
The main findings are now summarized.
A. Validation Against DNS
R-RDT analysis of initially-solenoidal turbulence is compared against direct numerical
simulation (DNS) data [18] for interim gradient Mach numbers. Comparison is made
for b12 anisotropy component (which is linked to production) and its solenoidal and
dilatational parts, as well as with turbulent kinetic energy growth rate exponent Λ.
Agreement in trends between the two sets of data as a function of gradient Mach
number is good. The respective high-Mach number and incompressible limit results
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match quite well. Similar agreement of previous RDT data with DNS data has been
found in the past [13]. Mach number sensitivity at the asymptotic limit found in
the DNS data is not obtained with R-RDT. Simone et al. [13] also observe this
phenomenon and hypothesize that this loss of Mach-dependency is related to the
neglecting of the higher-order nonlinear terms, as is common in general RDT.
B. Evolution of Kinetic Energy
The kinetic energy growth is initially more rapid than in incompressible RDT; how-
ever, at later times, the growth rate is slower. The solenoidal and dilatational compo-
nents of kinetic energy and production present several interesting features: (i) at very
low gradient Mach numbers (Mg), the initial composition of solenoidal to dilatational
kinetic energy ratio (ks/kd) is preserved intact; (ii) at higher Mg for a given initial
ks/kd, there is a tendency for the solenoidal fluctuations to dominate at later times;
(iii) at a given Mg, asymptotic kd/ks increases with increasing initial kd/ks; (iv) max-
imum levels of kd are observed for Mg = 1.00 for initially-solenoidal flows and (v) the
Mg for which kd is maximum decreases as initial compressibility increases.
C. Role of Pressure-Dilatation
Pressure-dilatation is responsible for the transfer of energy between the kinetic and
internal modes. A study of pressure-dilatation magnitude reveals that it is at a
maximum at approximatelyMg = 1.00 for the initially-solenoidal case, and is lesser at
higher and lower values of Mg. The amount of energy converted to the internal mode
(and, thus, the influence of 〈pd〉) increases as the initial compressibility increases.
Pressure-dilatation is negligible at the two extremes of Mg as there are negligible
pressure effects at the Burgers limit and no dilatation present at the incompressible
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limit.
D. Energy Balance of Kinetic and Internal Modes
At very high or very low Mg, there is very little increase in the amount of internal en-
ergy. At intermediate Mg, the internal energy growth rate approaches an asymptotic
value at long values of St; that is, given enough time, the fraction of energy due to
pressure work being transferred to the internal mode does not depend upon the gra-
dient Mach number in the rapid-distortion limit. Oscillations present in the kinetic
mode correspond with oscillations present in the internal mode, though exactly out
of phase. Internal energy trends have similar tendencies as kinetic energy. The plots
of internal energy initially follow the pressure-released Burgers curve, peel off in an
oscillatory fashion, and approach a common, steady trend.
E. Three Distinct Regions of R-RDT
Compressible turbulence evolution in the rapid distortion limit is characterized by
three regions: a shear dominant-region, a pressure “come-back” region and an asymp-
totic self-similar region where shear and pressure effects reach a balance and kinetic
energy production appears to grow linearly. The relative sizes of these three regions
are determined by Mg and the initial composition. These three regions are reflected
in the b12 anisotropy component plot (which is an indicator of energy production):
b12 initially follows the Burgers trend, peels off in an oscillatory manner approaching
zero (explaining why plots of kinetic energy for some gradient Mach numbers are
relatively flat in this region) and then settles to a small, but constant, negative value.
Due to this negative b12, kinetic energy grows slowly in the asymptotic state.
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F. Effect of Initial Dilatation
Increasing the initial amount of compressibility is found to have several effects on the
flow. It has already been stated that the influence of pressure-dilatation increases
with initial compressibility. Kinetic energy evolution is slower than in the initially-
solenoidal case, but internal energy grows more rapidly. Similarly, the internal energy
growth at long St is much higher for the initially-compressible case as compared to
the initially-incompressible case. Increased initial compressibility also leads to an
initial decrease in kinetic energy for Mg ≤ 1.44, as kinetic energy is transferred to the
internal mode before significant production occurs.
G. Compressibility Effects on Anisotropy
While increasing initial compressibility enhances the effectiveness of pressure-dilatation
and affects the dilatational components of the anisotropy tensor, it leaves the solenoidal
component mostly unchanged. Examining the solenoidal and dilatational components
of anisotropy reveals that the streamwise component - i.e. (1,1) - is dominant in the
solenoidal portion of the flow while the stream-normal component - i.e. (2,2) - is
dominant in the dilatational portion of the flow.
H. R-RDT vs. F-RDT Comparison
For the case of homogeneous shear flow, no significant difference is found in the results
from the R-RDT and F-RDT simulations. This is due to the fact that the density-
velocity fluctuation correlation (i.e. ρ′u′) is zero for all times at all gradient Mach
numbers. However, this may not indicate that F-RDT will be identical to R-RDT for
other types of mean deformation.
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